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Abstract 

We completely determine the ideal structures of the crossed products of Cuntz algebras by quasi-free 
actions of abelian groups and give another proof of A. Kishimoto's result on the simplicity of such crossed 
products. We also give a necessary and sufficient condition that our algebras become primitive, and compute 
the Connes spectra and K-groups of our algebras. 



1 Introduction 

Recently the classification theory of simple C* -algebras has developed rapidly. One of the most important 
questions in the classification theory of C*-algebras is to determine whether a given C*-algebra is simple 
or not. It is also important to examine the ideal structure of a given C*-algebra if it turns out to be 
non-simple. There have been many works examining the ideal structures of some classes of C*-algebras. 
J. Cu ntz examined the ideal structures of Cuntz-Krieger algebras under a certain condition in [C2]. In 
A. an Hucf and I. Racburn determined the ideal structures of arbitrary Cuntz-Krieger algebras. 
There have been many extensions of Cuntz-Krieger algebras, for example, Cuntz-Pimsner algebras jpl, 



graph algebras and Exel-Laca algebras EL ], a n d there have a lso be en many results about the ideal 



structures of such algebras (for example, |KP W| , ||KPRR[| , [jBPRSfl and jE_L 

The crossed products of C*-algebras give us plenty of interesting examples and the structures of them 
have been examined by several authors. In jKj|, A. Kishimoto gave a necessary and sufficient condition 
that the crossed products by abelian groups become simple in terms of the strong Connes spectrum. For 
the case of the crossed products of the Cuntz algebras by so-called quasi-free actions of abelian groups, 
he gave a condition for simplicity, which is easy to check, and computed the strong Connes spectra of 
some of such actions. It is hard to compute the strong Connes spectrum by its definition and there have 
been few examples of actions whose strong Connes spectra have been computed. 

In this paper, we deal with crossed products of Cuntz algebras by quasi-free actions of arbitrary locally 
compact, second countable, abelian groups G. The class of our algebras has many examples of simple 
stably projectionless C*-algebras as well as AF-algebras and purely infinite C*-algebras (see [KK1 , |KK2 
or jKa|] ) . Our algebras may be considered as continuous counterparts of Cuntz-Krieger algebras or graph 
algebras. The main purpose of this paper is to determine the ideal structures of our algebras in terms 
of the spectrum of the action, which is a finite subset of the dual group Y of G. This paper is organized 
as follows. After some preliminaries, we prove that the set of all ideals that are invariant under the 
gauge action is in a one-to-one correspondence to the set of closed subsets of the dual group r of G 
satisfying certain conditions (Theorem 3.14). Next we give a necessary and sufficient condition that our 
algebras become simple (Theorem 4.8), which gives another proof of A. Kishimoto's result. We also give 
a necessary and sufficient condition that our algebras become primitive (Theorem 4.12| ). In section^, we 
completely determine the ideal structures of our algebras. If actions satisfy a certain condition, which 



is an analogue of Condition (II) in the case of Cuntz-Krieger algebras [C2| or Condition (K) in the case 
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of graph algebras [ KPRR | , then one can show that all ideals are invariant under the gauge action and 
so one can describe all ideals in terms of closed sets of the group T (Theorem |5.2| ) . It is rather difficult 
to describe the ideal structures when actions do not satisfy the condition. We have to determine all 
primitive ideals and investigate the topology of the primitive ideal spaces of our algebras. After that, we 
show that when actions do not satisfy the condition, the set of all ideals corresponds biject ively to the 
set of closed subsets of a certain topological space satisfying a certain condition (Theorem 5.49| ). As a 
consequence of knowing the ideal structures completely, we can compute the strong Connes spectra of 
quasi-free actions on Cuntz algebras. Our algebras can be considered as Cuntz-Pimsner algebras and by 
using this fact we compute the K-groups of our algebras. Finally we conclude this paper by giving some 
examples and remarks. 
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2 Preliminaries 

In this section, we review some basic objects and fix the notation. 

For n = 2, 3, ... , the Cuntz algebra O n is the universal C*-algebra generated by n isometries 
S U S 2 ,... ,S n , satisfying Y^i S i S i = 1 S For e N = {0,1,...}, we define the set of 



/c-tuples by W ( n ] = {0} and 

W^ = {(i 1 ,i 2 ,...,i k )\i j e{l,2,...,n}}. 

We set W n = \Jk— Q y^n ■ For fi = (ii,i 2 , ■ ■ ■ ,ifc) G W„, we denote its length k by \fi\, and set = 
S^S^-'-S^ G O n . Note that |0| =0, Sq = 1. For pb = (ii,i 2 ,... ,ik),v = (ii , j 2 , ■ ■ ■ ,ji) € W„, we 
define their product [iv £ W„ by fj,u = (ii,i2, ■ ■ ■ ,ik,jiihi ■ ■ ■ >i0- 

We fix a locally compact abelian group G which satisfies the second axiom of countability. The dual 
group of G is denoted by T which is also a locally compact abelian group satisfying the second axiom of 
countability. We always use 4- for multiplicative operations of abelian groups except for T, which is the 
group of the unit circle in the complex plane C. The pairing of t G G and 7 G V is denoted by ( t | 7 ) G T. 

Let us take u> = (u>i,u>2, ■ ■ ■ , w n ) G T™ and fix it. Since the n isometries (t | U\ )S\, (t | u>2 }S , 2, . . . , 
(t\uj n )S n also satisfy the relation above for any t G G, there is a ^-automorphism a" : O n — > O n such 
that af(Si) — (t\u>i)Si for i = 1,2,... ,n. One can see that of : G 3 t G Aut(C„) is a strongly 

continuous group homomorphism. 

Definition 2.1 Let u> — (uix,u)2, ■ ■ ■ ,u n ) G T n be given. We define the action a u : G rx O n by 

= (t\ui)Si (i = l,2,... ,n, teG). 

The action a u : G r\ O n becomes quasi-free (for a definition of quasi-free actions on the Cuntz 
algebras, see [|J). Conversely, any quasi- free action of abelian group G on O n is conjugate to of for some 
u£f". 

By definition, the (full) crossed product O n y> a ^G is the universal C*-algebra generated by the *- 
algebra L 1 (G, O n ) whose multiplication and involution are defined as the following: 

f9(t) = I m^(g(t - s))ds , nt) - af(f(-ty), 
Jg 
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for f.g G L 1 (G, C„) (cf. [Pe|). The crossed product 0„x Q ^G has a C*-subalgebra Clx Q ^G, which is 
isomorphic to Co(T) via the map CIXq^G D L l {G) 3 f >—> f £ Co(T), where 

7(7)= / (* 1 7 )/(*)*■ 

JG 

Throughout this paper, we always consider Cq(T) as a G*-subalgebra of O n » a ^G, and use f,g,... for 
denoting elements of Cq(T) C n x Q ^G. The Cuntz algebra O n is naturally embedded into the multiplier 
algebra M(0„x Q ^G) of 0„x Q ^G For each /i = (ii , i 2 , ■ ■ ■ ,*fc) in VV„, we define an element w M of T 
by = ^2j =1 ^i r For 70 G T, we define a (reverse) shift automorphism a l0 : Go(r) — > Go(r) by 
((7 70 /)( 7 ) = /(7 + 7o)for/eG (r). 

Once noting that a^(S^) = (t \ u>^ )5 M for fj, G W n , one can easily verify the following. 

Proposition 2.2 For any f £ Go(r) C 0„x Q ^G cmd any /i G W„, we have fS^ = S^a^^f. 

For a subset X of a G*-algebra, the linear span of X is denoted by spanX, and the closure of spanX 
is denoted by span X . 

Proposition 2.3 We have £>„x Q -G = span{5 A1 /S'* \ £ W n , f G G (r)}. 

Proof. By Proposition |2.2| , 

span{S M /^ I n,v G W n , f G G (r)} - span^S*/ | /i, i/ G W„, / G G (r)}. 

Obviously span{S' AI 5*/ | /x, z/ G W,i, / G Go(r)} contains all elements of L l (G, O n ), which is dense in 
O n xi a ^G. The proof is completed. 1 

We denote by the G*-algebra of k x k matrices for k — 1,2,..., and by IK the G*-algebra of 
compact operators of the infinite dimensional separable Hilbert space. 



3 Gauge invariant ideals 

There is an action (3 of T on O n called the gauge action which is defined by (3t(Si) ~ tSi for t G T, i = 
1,2, .. . , n. We can extend this action to 0„x Q ^G which is also called the gauge action and denoted by 
f3. Explicitly, pt(SJS* u ) = tM-MSpfSZ for /*, v G W n , f G C (T) and t G T. 

By an ideal, we mean a closed two-sided ideal. In this section, we determine all the ideals which are 
globally invariant under the gauge action. 

Definition 3.1 For an ideal / of the crossed product 0„x a ^G, we define the closed subset Xj of T by 

Xi= p| {7 e r I / (7) = 0}. 

/e/nc (r) 

In other words, Xi is determined by Go(r\X/) = InGo(r) where for a closed subset X of T, Go(r\X) 
means the set of functions in Go(r) which vanish on X. In particular, Go(r \ T) = {0}. One can easily 
see that I\ C I2 implies Xi 1 D Xj 2 and Xi in i 2 = Xj 1 U Xi 2 for ideals h, I2 of O ra x Q ^G. 

Definition 3.2 A subset X of T is called ui-invariant if X is a closed set satisfying the following two 
conditions: 

(i) For any 7 G X and any i G {1, 2, . . . , 71}, we have 7 + LOi G X. 

(ii) For any 7 G X, there exists i G {1, 2, . . . , n} such that 7 — u>i G X. 
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For an element 7 of an aj-invariant set X, one can easily show that 7 + lo^ G X for any fi G W n and 
that there exists i £ {1,2,... ,n} such that 7 — mw; G X for any m £ N. For a subset X of T and an 
element 70 of T, we define the subset X + 70 of T by X + 70 = {7 + 70 | 7 £ X}. Similarly, we define 
X\ + X 2 = {71 +72 I 7i € X\, 72 £ I2} for Xi, X 2 G T. A closed set X is w-invariant if and only if 

Proposition 3.3 For any ideal I of the crossed product O n x a uG, the closed set Xj is uj -invariant. 
Proof. Take 7 G Xj and i G {1,2,... ,71} arbitrarily. Let / be an element of 7 (~l Cq(T). By Proposition 



2,2|, S*/^ = SfSiOuJ = o-uj. Hence o~ UJ% f e/n C (r), so we have 0-^/(7) = 0. Thus, /( 7 + cj s ;) = 
for any / £ 7 PI Cq(T). It implies 7 + w, e Xj. 

Let 70 be a point of T such that 70 — u>i ^ X/ for any j = 1, 2, . . . , n, and we will show that 70 ^ Xj. 
Since r\X/ is open, there is a neighborhood U of 70 6 T such that 17 — coj C r\Xj for any i = 1,2,... , n. 
There exists / G C (r) such that /(70) ^ and 7(7) = for any -f ^ U. Then U - uji cT\Xj implies 
<W G C (r \ Xj) C 7 for i = 1, 2, . . . , n. Since 

i=l i=l 

we have / G 7. It implies 70 ^ X/. Thus X/ is w-invariant. 1 
We will show tha t fo r any w-invariant subset X, there exists a gauge invariant ideal 7 such that 



X = Xj (Proposition 3.6 ) 



Definition 3.4 Let X be an w-invariant subset of T. We define Ix C O n >i a ^G by 

i x = spsn{s^fs; 1 n,v g w n , f g c (r \ X)}. 



Proposition 3.5 For an to-invariant subset X of T , the set Ix becomes a gauge invariant ideal of 
O n *A a u, G. 

Proof. Clearly I x is a ^-invariant closed linear space. Since Pt(SufS*) = t^^^S^fS* for t G T, I x is 
invariant under the gauge action (3. By Proposition 2.3, it suffices to show that for any fix, ^1, ^2, ^2 £ W n 
and any / G C {T \ X), g G C (r), the product xy of z = SuJS^ G 7 X and y = S U2 gS* 2 G 0„x Q -G is 
an element of 7x- 

If S^S^ = 0, then xy — E Ix ■ Otherwise, S^S^ = S u or S^S^ = S* for some \i G W„. For the 
case S^S^z — S a , 

xy = S^fS^S^gS^ = S^f S^gS U2 = S Ul ^ l (a u)ii f)gS l/2 . 

Since / G Cq(T \X) and X is w-invariant, we have <t u f G Co(r\X). This implies (cr LU ^f)g G Cq{T \ X) 
and so xy E Ix- For the case S^S^ = S*, 

Since / G Co(r \ X), we have xy E Ix- It completes the proof. 1 



Proposition 3.6 For any uj-invariant subset X ofT, we have X\ x = X. 

Proof. By the definition of Ix, we get X/ x C X. Let us assume Xj x C x. Then there exists / G 
7x H Co(r) such that / (70) = 1 for some 70 G X. Since / G Ix, there exist G Co(F \ X), /x^, ^ G 
W n (k = 1, 2, . . . , K) such that 

K 

fc=i 
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From this inequality, we will derive a contradiction. 

Since X is w-invariant, there exists i G {1, 2, . . . , n} such that 70 — muji G X for any m G N. Take j G 
{1,2, ... ,n} with j + i. Set M = max{| Mfe |, | k = 1, 2, . . . , K}. Then, S]S; M fSfS j = a^+^f 



and S]St M S„J k St k Sf 5,- is either or tr ( 



we get 



S*S* M (f 



T (Muj i +uj j )j 



+uij)fk for some < M. Therefore, from 
1 



K 

^mic /*: ^ fc ) st 1 s. 

k=l 



E 

k 



< 



< 



2" 



By evaluating at 70 — Mw, — cjj-, we find k G N such that /fc(7o — (M — mk)u>i) 7^ 0. It contradicts the 
fact that /fc G Co(r \ X) and 70 — mwj G X for any m G N. Therefore we are done. 1 

By Proposition [D], the map / 1— > Xj from the set of gauge invariant ideals / of O n » Q »G to the set 
of w-invariant subsets of T is surjective. Now, we turn to showing that this map is injective (Proposition 
3.13). The method we use here is inspired by |C1|. 

Let I be an ideal that is not O n y\ a ^G. We investigate the quotient (O n x a ^ G)/I of 0„x Q ^G by an 
ideal /. Since /nCo(r) = C (r\Xj), a G*-subalgebra C (T) / (I n C (T)) of (O n X a «G)/I is isomorphic 
to Co(X]). We will consider Cq(Xj) as a C*-subalgebra of (<D n yi a ^G)/I. No confusion should occur 
by using same symbols Si,S2, ■ ■ ■ ,S n G M({O n yi a ^G)/ 1) as the ones in M(0„x Q ^G) for denoting the 
isometries of O n which is naturally embedded into M((C>„x Q ^G)//). 

For an w-invariant set X, we can define a *-homomorphism cr W(j : Co(X) —> Cq(X) for /1 G W„. This 
map a u is always surjective, but it is injective only in the case that X — cu^ c X, which is equivalent to 
X — uj^ = X. One can easily verify the following. 

Lemma 3.7 Let I be an ideal that is not O n X a uG. 

(i) For [i,v G W n and f G Cq(Xi), S^fS* G (O n x a ^G)/I is zero i/ and only if f = 0. 

(ii) For n G W n and f G G (X/), we have fS^ = S^a^^f. 

(iii) (O n x a »G)/I = smiSJS: \fi,uG W n , f G G (X Z )}. 

We define a G*-subalgebra of (O n xi Q ^ G) //, which corresponds to the AF-core for Cuntz algebras. 

Definition 3.8 Let / be an ideal that is not 0„x Q ^G. We define G*-subalgebras !Fj (fc G N) and Ti 

of (O n x a «G)/I by 

Tf ] = smis^fs; 1 w g w<*>, / g g (x 7 )}, 

J 7 / = span{S' Al /5* | /i, f G W n , = / G G (Xj)}. 
When 7 = 0, we write simply J 7 ^' , for !Fq , J-q. 



Lemma 3.9 Let / &e an ideal that is not O n x a ^G. 

(i) The C* -subalgebra J-f^ of (O n yi a u 1 G)/L is isomorphic to 

(ii) J-j^ G J-\ k+1 ^ and the inductive limit of is Tj. 

Proof. 



lfc ®Go(X/) forkeE. 
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(i) Since the set wi^ has n k elements, we may use {e^} „ eW m for denoting the matrix units of M ra fc 

For xi = S^fiS*^, x 2 = S^ 2 f 2 Sl 2 G T\ k \ we have x\ = S^fiS*^ and xix 2 = S„ ufi2 S f _ ll fif 2 S* 2 
Thus the map 

M„ fc ® C (Xj) 3 e^ v ® / ^ fi^/S^ G } 



defines a *-homomorphism. By the definition of , it is surjective. By Lemma |3.7| (i), it is 
injective. Thus M„ fc ® C (Xi) = Tf\ 

(ii) since s^fs* = Y,i=i s n s i a o>if s t s t, we have ^ c ?i k+1) '■ The latter P art is trivial b y thc 

definitions of Fj and Tj. I 



Definition 3.10 A linear map E from some C*-algebra A onto a C*-subalgebra B of vl is called a 
conditional expectation if ||£J|| < 1 and E(x) — x for any x E B. A conditional expectation E is called 
faithful if E(x) = implies x = for a positive clement x of A. 



The following proposition essentially appeared in [CI] 



Proposition 3.11 For i = 1,2, let Ei be a conditional expectation from a C* -algebra A4 onto a C* - 
subalgebra Bi of A%. Let tp : A\ — > A 2 be a *-homomorphism with tp o E\ = E 2 o tp. If the restriction of 
<p on Bi is injective and E\ is faithful, then ip is injective. 

Proof. Let x be a positive element of keiip C A\. Since tp o E\ — E 2 o tp, we have tp(Ei(x)) = 0. Since 
-Ei(x) G B\ and tp is injective on B\, we have E\(x) = 0. Then x = since E\ is faithful. Thus 
ker tp = {0} which means that tp is injective. 1 

For an ideal I which is invariant under the gauge action (3, we can extend the gauge action on O n ~A a ^G 
to one on (O n >J a ^G)/I, which is also denoted by (3. 

Lemma 3.12 Let I be a gauge invariant ideal that is not O n yi a ^G. Then, 



E T : (O n x a *G)/I 3ih/ fctydt G (O n x a *G)/I 

Jt 



is a faithful conditional expectation onto Ti, where dt is the normalized Haar measure on T. 
Proof. For x G (O n X a u,G)/I, 



mix) 



0t{x)dt 



< I \\p t (x)\\dt = \\x[ 
't 



Thus \\Ei\\ < 1. One can see that Ej(x) = implies x = for a positive element x G (O n yi a ^G)/I. 
For (j,, v G W n and / G Cq{X i ), 

Ex(SJS* v )= [ Pt(SJS*„)dt = [ tM-^(S li JS* v )dt = 5 MiH S„fS* v . 



Therefore Ej{x) = x for any x G spanl^/S 1 * | 1/ G W„, = \v\, / G Co(-Xj)}, thus for any x E Ti 
by the continuity of Ej. By the above computation, EAx) G J 7 / for x G span{5 A1 /S f * | fi, v G W„, / G 
Co(X/)}, which is dense in (0 n M a uG)/7 by Lemma ^7 (iii). Therefore, the image of _Ej is J 7 / by the 
continuity of Ei. We have shown that E\ is a faithful conditional expectation onto Ti. 1 



Proposition 3.13 For any gauge invariant ideal I, we have Ix, = I- 
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Proof. When I = O n x Q ^G, we have Xj = 0. Thus Ix, = O n y\ a uG. Let 7 be a gauge invariant ideal that 
is not O n » a ^G and set J = Ixi- By the definition, J <Z I. Hence there is a surjective *-homomorphism 
7r : (O n ys a ^G)/ J — > (O n x a ^G)/I. By Lemma 3.9, the restriction of ir on is an isomorphism from 



(k) (k) . . ■ I — 

J-j onto T\ and so the restriction of 7r on is an isomorphism from Tj onto Tj. By Lemma 3.12 
there are faithful conditional expectations Ej : (O n x a ^G)/ J — > JFj and i£j : (O n X a <oG)/I — > .Fj. Since 
^/(7r(x)) = tt(Ej(x)) for any x £ span{ 5 M /5* | /x, f G W„, / £ Co(X)}, which is dense in (O n » a ^G)/J, 
we have i?/ o 7r = 7r o Bj. By Proposition |3.1l| , 7r is injective. Therefore ix, = 1 

Theorem 3.14 The maps 1 1— > X/ anrf X i—> Ix induce a one-to-one correspondence between the set of 
gauge invariant ideals of O n yi a ^G and the set of to -invariant subsets ofT. 



Proof. Combine Proposition 3.6 and Proposition 3.13 



4 Simplicity and primitivity of O n x a ^G 

In this section, we give necessary and sufficient conditions for u> G T n that the crossed product O n » a ^G 
becomes simple or primitive. 

Proposition 4.1 Let I be an ideal of O n x a ^G. Then. I = C„x Q ^G if and only if Xj = 0. 



Proof. The "only if" part is trivial. The "if" part follows from Proposition 2.3 



For an ideal J of O n >i a ^G, we have Ixi C /. In general there exists an ideal / such that Ix r 7^ I (see 



Proposition 5.26). However if Xj satisfies a certain condition, then / = Ix, (Theorem 4.5) 



Definition 4.2 An w-invariant subset X of T is said to be bad if there exists 7 G X such that there is 
only one element i with 7 — u>i G X in {1,2,... , n} and this element i satisfies that moji = for some 
positive integer m. An w-invariant subset X of T is said to be good if X is not bad. 

Note that is a good w-invariant set. 

Lemma 4.3 An co-invariant subset XofTis good if and only if for any 7 G X , one of the following two 
conditions is satisfied: 

(i) There exists i E {1, 2, . . . , n} such that 7 — muji G X and 7 — miOi ^ 7 for any positive integer m. 

(ii) There exist i,j G {1, 2, . . . ,71} with i 7^ j such that 7 — muji — luj G X for any positive integer m. 

Proof. When X is bad, there exists 7 G X such that there is only one element i with 7 — coi G X in 
{1, 2, . . . , n} and this element i satisfies that mtUi — for some positive integer m. This 7 G X satisfies 
neither condition in the statement. 

Let us assume that X is good and that 7 £ I does not satisfy the condition (i). We will prove 
that 7 G X satisfies the condition (ii). Since X is w-invariant, there exists i G {1,2,... , n} such that 
7 — mu>i G X for any positive integer m. Since 7 G X does not satisfy the condition (i), there exists a 
positive integer K with Kuji — 0. Since X is good, there exists j G {1,2, .. . ,n} with j ^ i such that 
7 — ojj G X. For any positive integer to, if we take I G N so that IK — to > 0, we have 

7 — CJj — TOW,; = 7 — CJj + (/if — m)u>i G A. 

Thus 7 G A satisfies the condition (ii). 1 

Proposition 4.4 Let I be an ideal that is not O n ~A a ^G. If Xj is a good uj-invariant set, then there exists 
a unique conditional expectation Ej from (O n n a uG)/I onto Ti such that Ei(S fl fS*) = §u\ \ v \S^fS* for 
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Proof. Let fxi, v% G W n and /; G Co(W,r) be given for i = 1, 2, . . . , L. Then x — J2i=i &m fl^t, IS an element 
of spanl/^/S* | /i,i/G W„, / £ C (*j)} C (O n x a «,G)/I. Set fc = max{| W |, H \ I = 1, 2, . . . , L}. We 
may assume that if |/if = ^|, then \^i\ = \vi\ = fc. Let xq = ^\ \=\i> I ^mfl^v t - Since xo G = 



We will prove that 



M n k ®Co(Xi), there exists 70 G X/ such that ||x || = '£,\ fH \=\u l \ s ^fi(lo)St 

IM<N|. _ 

Since X/ is a good w-invariant set, 70 G Xj satisfies one of the two conditions in Lemma 4.3. We 
first consider the case that 70 G X] satisfies the condition (i) in Lemma 4.3, that is, there exists i G 
{1, 2, . . . , n} such that 70 — muji G X and 70 — mw; =^ 70 for any positive integer to. We can find 
a neighborhood U of 70 — kuii G X] such that U (U + moji) = for m = 1, 2, . . . , k. Choose a 
function / with < / < 1 satisfying /(70 — kuoi) = 1 and the support of / is contained in U. Set 
«= E MeW f> SpSff^S* G O n x a uG. Since 



w*it is an element of J 7 } which corresponds to the element 1 C§> / under the isomorphism .T 7 } = M„k ® 
C (Xi). Thus we have ||it*«|| = sup 7GCo(Xj) 1/(7) | = 1, and so ||u|| = 1. When \m\ ^ \v{\, for any 

H,v G Wi fc) , (S^SpS^S^iS^) is cither zero, 5f or S*™ with some < to < fc. In the case that 
(S? fc S£)S Ml S* (S„S*) = Sf , we have 

Similarly, we have (^^Sf S^S^ 5* ; (S'^S'f J 1 / 2 ) = in the case that {SfS^S^ 5* (S V S*) = S* m . 
Hence if \m\ ^ \ui\, then u*S w /;S* u = 0. When = \ui\ — fc, we have 

u*S IH JiSl l u= £ {S fl f 1/2 S* k 5*)S w /j5* f 1/2 S*) = S IJ ,J(aku} i fi)S* l . 
Hence u'ot = X)| w |=|^| S^fia^J^S^. Thus we have 



lw|=l"i| 



Nil- 



X/ /(TO ~ a kujJl(lQ - kuji) S* 

wI=Ih| 

Therefore when the condition (i) is satisfied, we have ||xo|| < ||u*a;u|| < ||x||. 

Next we consider the case that there exist i, j G {1, 2, . . . , n} with i ^ j such that 70 — mu>i — LUj G X 
for any positive integer to. Set u = X) Me w (fc) SpSiSjS* G O n C M(C„x Q ^G). Since 

u u= (S^SjSi S^)(S U S^ SjS*) = "^li^ = 1) 



is an isometry. Since S*S* S^S^S^Sj = <5 Mi „ for fi,v G W n such that H < fc, we have u*5 w 5* u 



for Z = 1,2,. 



, i. Therefore, 



1=1 

L 



1=1 

Iw l=ki 
lwl=l"i 



,/o 
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Since 70 — kuii — u>j G Xi , we have 



||w*a;it|| > 



lwl=kil 



S|tj (Tkuii+Ui fl(lO - kLUi - UJj) S* 



Mil=kil 



\xo 



Therefore also for the case that the condition (ii) is satisfied, we have ||xo|| < ||x||. 

Suppose x is expressed in two ways: x = J2i=i SmflSZ, = J2i=x s ^'Ji s t[- Let V = J2i=i s ^ifi s t t ~ 

Ef=i s ^ji s l[ and vo = E|/x,i=i^i s i»fiSZ, - £|^i=ki s k^ s ^- Sincc \\y°W - II and v = x ~ x = °> 

we get y = 0. Thus X)| Ml |=|^| s ^ifi s t t = Y,\^'\=\ v '\ s ^'J'i s t[ which means that x does not depend on 
expressions of x. Hence we can define a norm-decreasing linear map Ei by 

Ei : span^/S* \\i,vE W n , f G G (Xj)} 9 x 

' ^ x G span{5^/5* | G W„, |ju| = / G C (Xi)}. 

Since £7 is norm-decreasing and span {5^/ 5* | /z, f G W„, / G Cq(Xi)} is dense in (O n x Q ^G)/I, we 
can extend £/ on (O n » a ^G)/ 1 with < 1 whose image is contained in Ti. Since Ei(x) = x for 

x G span{S M /5* | (i, v G W n , |/x| = |^|, / G Co(-Xj)}, which is dense in Ti, we get Ei(x) — x for any 
x 6 Ti. 

Therefore Ei is a conditional expectation onto Ti. Uniqueness follows from the condition Ei(S^,fS*) = 
S\^\,\u\S^fS* for (j,,u e W n and / G C (X). I 

When a n id eal / such that Xi is good is gau ge inv ariant, the conditional expectation Ei defined in 
Proposition L4 coincides with the one in Lemma |3.12 by uniqueness. Actually any ideal I such that Xi 
is good is gauge invariant. 



Theorem 4.5 Let I be an ideal of O n yi a ^G such that Xi is good. Then we have Ixj 
gauge invariant. 



I, and so I is 



Proof. If Xi = 0, then / = 0„><j q ^G so Ixj = L. Let I be a n ideal that is not 0„x Q ^G, and set 
J = Ixj- By the same way as in the proof of Proposition 3.13 , there is a surjective *-homomorphism 
7r : (O n xi (?)/ J — > (O n XI am G) /I whose restriction on Tj is an isomorphism from Tj onto Ti. By 
Proposition L4, there is a conditional expectation £7 : [Q n n a uG)/I — » Ti. Since Ei(w(x)) = n(Ej(x)) 
for any x G span{5 M / 5* | /x, j/ G W„, / G C*o(X)}, which is dense in (O n Xi a mG)/ J, we have Ejon = 
ir o Ej where -Ej : (0„xi Q ^G)/ T — > J-j is a faithful conditional expectation defined in Lemma |3.12| . By 
Proposition 3.11, ir is injective. Therefore / = Ixj- I 

When an w-invariant set X is bad, there exists an ideal / with Xi = X which is not gauge invariant 
(Proposition 5.26| ). As a special case of Theorem 4.5, we get the following. 

Proposition 4.6 Let L be an ideal of the crossed product O n » a ^G. Then I = if and only if Xi = T. 



Proof. The "only if" part is trivial. The "if" part follows from Theorem 4.5 since T is a good w-invariant 
set. 1 



Definition 4.7 For a non-empty subset I of {1, 2, . . . , n}, we denote by Qj the closed semigroup gener- 
ated by u>i, a>2; . . . , ui n and — u>i for i G I. 

For a non-empty subset I of {1,2, . . . , n}, the set Slj is w-invariant. In jKj, A. Kishimoto found a 
necessary and sufficient condition for O n y> a mG to become simple. Now we can reprove it. 



Theorem 4.8 (Cf. [Ki, Theorem 4.4]) The following conditions for lu G T n are eguivalent: 
(i) The crossed product O n y\ a ^G is simple. 
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(ii) Any uj-invariant subset ofT must be or T. 

(iii) = r for any i = 1, 2, . . . , n. 



Proof, (i) <==> (ii): Combine Proposition |4.l| and Proposition [4.6. 

(ii) =>(iii): Since is a non-empty w-invariant subset, we have &>{i} = T for any i. 

(iii) =>(ii): Let X be a non-empty oi-invariant subset. Let us choose an element 70 G A. There exists 
i € {1, 2, ... ,71} such that 70 + 7 G X for any 7 G ^{;}- Since fij^ is T, we get X = T. 1 

Now we turn to determining for which ueP the crossed product O n x a ^ G becomes primitive. An 
ideal 7 of a C*-algebra A is called primitive if 7 is a kernel of some irreducible representation. A C*- 
algebra A is called primitive if is a primitive ideal. When a C*-algebra A is separable, an ideal I of A 
is primitive if and only if I is prime, i.e. 1% fl I2 C I implies I\ <Z I or I2 C I for ideals I\, I2 of A. 

Definition 4.9 An ^-invariant set X is called prime if for any w-invariant sets X\,X% with Icli UA2, 
either I C Ii or I C I2 holds. 



Proposition 4.10 If an ideal I of O n x a ^G is primitive, then Xj becomes a prime co-invariant set. 

Proof. Let I be a primitive ideal of O n x a ^ G. Assume that two w-invariant subsets X\ , X2 of T satisfy 
Xi C X\ U A 2 . Then Ix 1 H 7x 2 C Txj C I. Since I is prime, either Ix 1 C I or Jx 2 C I. Hence either 
X\ D Xi or X2 D X\. Therefore Xj is prime. 1 



In general, the converse of Proposition 4.1C is not true (see Corollary |5.3| and Proposition 5.26| ) 



Proposition 4.11 For a non-empty uj-invariant set X , the following are equivalent: 

(i) X is prime. 

(ii) For any 70,71 £ X and any neighborhoods Uq and U\ of 70 and 71 respectively, there exist 76I 
and fj,, v G W„ smc/i i/iat 7 + ay G t/o a«d 7 + a^ G U\. 

(iii) For any jo, € X , there exist sequences ^i, ■■ ■ and v\ , v% . . . in W„ such that 70 — w Mfe ,7i — 
a>„ fc G X /or any fc and lim^oo ((70 - ay) - (71 - ayj) = 0. 

(iv) X = 7 + fij /or some 7 G T and non-empty I C {1, 2, . . . ,71}. 

Proof. (i)=£-(ii): Let A be a non-empty prime oi-invariant set, 70,71 elements of A, and [To, t/i neighbor- 
hoods of 70,71 respectively. Set two open sets Yo,Yi by 

00 00 
y "=U fl U (Uo+up-uv), y i=U fl \J fa u v ). 

One can easily see that 7 — o>j G Y"o for any 7 G lo and any i = 1,2,... , n, and that if 7 — LOi G Y"o for 
any £ = 1,2,... , n, then 7 G Yq. Thus the closed set L \ Yq is w-invariant. Similarly, T \ Y\ is w-invariant. 
Since 70 G Yq and 71 G Yj., neither r \ Yq nor T \ Y\ contains X. Since A is prime, (T \ Yq) U (T \ Y\) 
does not contain A. Therefore we get 7' G A with 7' G Y"o fl Y\. Thus for j = 0, 1, there exist kj G N 
satisfying that for any G wli° , there exists Uj G W„ with 7' G f7j + ay — uj Vj . Let k G N be an 

integer with k > ko, k%. Since A is a-invariant, there exists // G W^' with 7' — ay G A. For j = 0, 1, 
there exist ^ G W„ with // = fijfi'j and |^| = fcj. Thus we get Vj G W n with 7' G t/j + ay. — ay. for 
j = 0, 1. Set 7 = 7' — ay E X, [i = vq^'q and, ^ = i>iA*i. Then, we have 7 + w M G Uq and 7 + G J7i. 

(ii)=>(iii): Let 70,71 be elements of an w-invariant set A. Let Ui, U%, ... be a fundamental system 
of neighborhoods of 0. From (ii), for any k — 1,2,..., there exist G A and [if., v% G W n such that 
Afc +0;^ G Uk +70 and +L0^ k G C/j. + 71. Replacing {k} by a subsequence if necessary, we may assume 
that the number of i's appearing in and the one appearing in v% increase for any i = 1, 2, . . . , n. For any 
positive integer k, we have 70 - G A since 70 - uj^ k = lim/_oo (A; + ay - ) and A/ + w Mi - w Mfc G A 
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when I > fc. Similarly we have 71 — u Vk £ X for any positive integer k. Since linijt-^oo (70 



A fe ) = 



and lim fe ^ 0O (A fe - (71 - u Vk )) = 0, we have Hindoo ((70 - lu^) - (71 



J) = o. 



(iii)^(iv): Take 70 £ I arbitrarily. From (hi), the countable set J' = {7 £ 1 | 7 = 70 - w M + 
Ci/„ for some £ Wn} is dense in X. Denote all the elements of X' by {Ai, A 2 , . . . }. Let [7i, C/ 2 , ■ ■ ■ be 
a fundamental system of neighborhoods of 0. Let us choose a bijection Z + 3 k (rrikjk) £ Z + x Z + 
where Z+ is the set of positive integers. Thus we have {(A mfc , C// fc )}^ 1 = {(A m , Ui)}™ l=1 . By (iii), 
for a positive integer k, we can recursively find fikt^k £ W n satisfying that 70 — X)j=i ^ ano - 



70 ~ Z)j=l w w ~ (Am fc - ^ ) 
A: and any £ W„, we have 



&Ui h . Since an element 70 — Xw=i ^Vy + ^ ^ s m f° r anv positive integer 



r 








fc £ Z 











C X. 



Since the set of the left hand side above contains X' which is dense in X, the inclusion above is actually 
an equality. Let I be the set of i £ {1, 2, . . . , n} such that the number of i's appearing in /ii/i 2 • • • /ifc 
goes to infinity when k goes to infinity. For i ^ I, let rrii be the limit of the number of i's appearing in 
■ ■ • Hk when k goes to infinity. Set 7 = 70 — rmuji. Then, one can see that X = 7 + flj. 
(iv)=»(i): Let X be an w-invariant set such that X = 7 + flj for some 7 £ T and non-empty I C 
{1,2,... , n}. Take cj-invariant sets Xi, X 2 with Xcli UX 2 . Since 7 — fc (X^-tel w ») e ^ or an y positive 
integer fc, either X\ or X 2 , say Xi, contains 7 — fc QDjgi ^-i) f° r infinitely many fc. Then, Xi contains 



7 + 7' for any 7' in the (algebraic) semigroup generated by lo\ , w 2 , 
closed, Xi D 7 + f2i = X. Thus X is prime. 



, u) n and — LOi for i £ 



Since X\ is 
I 



We will use the equivalence (i) -<=>■ (iv) in Proposition 4.11 most often. The condition (ii) or (iii) in 
Proposition 4.11 can be considered as an analogue of maximal tails in [BPRS|. 



Theorem 4.12 The following conditions for u> £ T" are equivalent: 

(i) The crossed product O n yi a ^G is primitive. 

(ii) r is a prime to-invariant set. 

(iii) The closed group generated by u>i, w 2 , ... , u) n is equal to F. 



Proof. (i)=>(ii): This follows from Proposition 4.1C . 

(ii)=>(i): It suffices to show that is prime. Let /i,/ 2 be ideals of O n yi a u>G with Ii n 7 2 = 0. We 
have Xjj U Xj 2 — Xj in j 2 = T. Since T is prime, either Xj 1 D T or Xj 2 D V. If Xj 1 D T hence Xj 1 = T, 
then Ii = by Proposition 4.6. Similarly if Xj 2 D L, then I 2 — 0. Thus is prime and so 0„x Q ^G is a 
primitive C* -algebra. 

(ii) =>(iii): By Proposition 4.11, there exist 7 £ T and non-empty I c {1, 2, . . . , n} with r = 7 + flj. 
The closed group generated by u)%, w 2 , • ■ ■ , w n is e qual to T because it contains Ctj and Qj — T — 7 = T. 

(iii) =>(ii): This follows from Proposition 4.11 since T 



{1,2,. ..,«}• ■ 

One can prove the equivalence between (i) and (iii) in the above theorem by characterization of 
primitivity of crossed products in terms of the Connes spectrum due to D. Olesen and G. K. Pedersen 
and the computation of the Connes spectrum of our actions a" due to A. Kishimoto pCij. 



5 The ideal structures of 0„y\^G 



In this section, we completely determine the ideal structures of O n ~A a wG (Theorem 5.2, Theorem 5.49j ). 
The ideal structures of O n x a «G depend on whether ui £ T n satisfies the following condition: 



Condition 5.1 For each i £ {1, 2, ... , n}, one of the following two conditions is satisfied: 
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(i) For any positive integer k, ktOi =/= 0. 

(ii) There exists j ^ i such that — toj G ^{i}- 

This condition is an analogue o f Condi tion (II) in the case of Cuntz-Krieger algebras |C2f| or Condition 
(K) in the case of graph algebras | KPRR | . 



5.1 When u> satisfies Condition |5.1 



When to satisfies Condition 5.1, all ideals of Q n x Q ^G are gauge invariant. 



Theorem 5.2 When to satisfies Condition 5.1, every to-invariant set is good. Hence any ideal is gauge 
invariant and there is a one-to-one correspondence between the set of ideals of O n y\ a ^G and the set of 
to-invariant subsets ofT. 

Proof. Let X be an w-invariant set and 7 be an element of X. Since X is w-invariant, there exists 
i € {1,2, .. . , n} such that 7 + 7' € X fo r an y 7' G If ku>i ^ for any positive integer k, then 

7 G X satisfies the condition (i) in Lemma 4.3 and if there exists j ^ i such that — tOj G then 7 G X 
satisfies the condition (ii) in Lemma 4.3. Hence X is a good w-invariant set. 

By Theorem [D| any ideal / of O n xs a ^G satisfies Ix x = I and is gauge invariant. The last part 
follows from Theorem 3.14. 1 



Corollary 5.3 When to satisfies Condition 5.1, an ideal I of O n xi a ^G is primitive if and only if the 
to-invariant set Xj is prime. 



Proof. It follows from Theorem 5.2 



5.2 When lu does not satisfy Condition |5.1 



From here until the end of this section, we assume that to does not satisfy Condition 5.1, i.e. there 
exists i G {1, 2, . . . , n} such that ktOi = for some positive integer k, and that — tOj is not in the closed 
semigroup generated by to\, u>2, ■ ■ ■ ,to n and — toi for any j ^ i. Without loss of generality, we may assume 
i = l. Let K be the smallest positive integer satisfying Kto\ = 0. Note that — u>\ is in the semigroup 
generated by to\ , u>2 , . . . , tu n and that the closed set X is w-invariant if and only if X + u>i C X for any 
i. Define A = spanl^'/Sf | / G C {T),k,l G N} which is a *-subalgebra of O n x Q ^ G and denote its 
closure in O n xi Q ^G by A. 

Lemma 5.4 For any x G A, the element (1 — S\S*l)x(\ — SiS^) is of the form (1 — S\S*l)f for some 

/eCo(r). 

Proof. One can easily verify the conclusion for x G Aq. We have the conclusion for an arbitrary iei, 
because {(1 - SiSf)f \ f € C (T)} is closed. I 



Lemma 5.5 The C* -algebra A is the universal C* -algebra generated by Cq(T) and Si G M(A), that is, 
for any C* -algebra B, any *-homomorphism ip : Co(r) — > B and u G M{B) such that u*u = 1m(b) an d 
<p(f)u = utp(a UJl f) for f G Cq(T), there is a unigue *-homomorphism $ : A — > B such that $(S l f/5'J' i ) = 
u k ip(f)u* 1 for k,l G N and f G C (T). 

Proof. Let A be the universal C* -algebra satisfying the condition in the statement of this lemma. We may 
consider Co(r) as a C*-subalgebra of A and denote by u G M{A) the isometry satisfying fu = ua LUl f 
for / G Co(r) C A. The C*-algebra A is the closure of the linear span of elements u k fu* 1 for k,l G N 
and / G C (T). There is a unique *-homomorphism * : A — > A such that ^(u k fu* 1 ) = S k fSl l . Since 
span{S'j c /S , 1 i / G Co(r), k, I G N} is dense in A, ^> is surjective. By the universality of A, there is an 
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action (3 of T on A such that f3 t {u k fu* [ ) = t k - l u k fu* 1 for t £ T. Define E(x) = f r /3 t (x)dt for x £ A. Then 
E becomes a faithful conditional expectation onto a C*-subalgebra B = sp an{u fc fu* k \ f £ Cq(T), fceN} 
of A. Since A is invariant under the gauge action /3, we can define a conditional expectations E on A by 
E(x) = f T 0t(x)dt. Obviously *o£ = £of. Let us define B^ = qpan{u'/u*' | / € C o (T),0 <l<k}. 
Then we have 



'k-x 



= 0spee{ u '(i -««*)/«*' | / e c (r)} ®s^{u k fu* k \ f e c (r)} = 0c o (r) 

\l=0 / J=0 



and limi3( fc ) = B. Clearly $ is injective on B^ k \ hence on B. By Proposition 3.11, A is an isomorphic 



to A via Thus A is the universal C*-algebra generated by C (T) and Si £ M(A). I 



Remark 5.6 The C*-algebra A is isomorphic to the Toeplitz algebra of the Hilbert module coming from 
the automorphism o~ LOl of Cq(T) jpl, but we do not use this fact. 

We will denote the elements of Z/KZ by 0, 1, . . . , K — 1 and sometimes regard them as integers. 

Definition 5.7 Let if be a separable Hilbert space whose complete orthonormal system is given by 
{£fc,m I k £ Z/KZ,m £ N}. Let p k be a projection onto the subspace generated by {£fc, m } m eN for 
k £ Z/KZ and define u £ B(H) by u(£fc, m ) = Cfe+i.m+i- Let us denote by Tk the C*-algebra generated 
by p ,pi,... ,Pk-i and u. 

One can easily see that the elements po,pi,... ,pk-i and u satisfy ~^2^Sq Pk — 1) u * u — 1; and 
PfcU = upk-i for fc G Z/KZ, and that Tr- = span{u'pfcM* m | k £ Z/KZ, I, m £ N}. There is an action 
ft : T rv Tk such that = to and ft{pk) = Pk- For A , Ai, . . . , A^-_i G C and 6 T, the diagonal 

matrix and the unitary 

/ A • • • \ 
Ai ••• 



V ••• Ajc-i / 

are denoted by diag{Ao, Ai, . . . , \k-i} £ M^- and ug £ Mk respectively. The C*-algebra Tk satisfies 
the following. 

Proposition 5.8 (i) For any non- zero x £ Tk , there exist I, m £ N with (l — uu*)u* l xu rn (l — uu*) ^ 0. 

(ii) There is a surjection n : Tk — > C(T, Mk) wii/i 7r ^X^fcLo 1 ^kPkj {&) = diag{Ao, Ai, . . . , Xk-i} and 
n(u)(6) = u g for 9 el 

(iii) For t £ T, we define a *- automorphism f3' t ' o/C(T,Mjf) &y 

#'(/)(#) = diag{l,M 2 ,--- .^l/^diagil.i,* 2 ,...,^- 1 } 

/or / e C(T,Mk). TTien we toe n o ft t = ft/ a it. 

(iv) 7/ an idea^ J of Tk satisfies that 1 G 7r(J), tten J = Tr% 

Proo/. 

(i) For any k £ Z/KZ and m £ N, u m (l — uu*)u* m pk is the projection onto the one dimensional 
subspace generated by £k,m £ H. Hence, for any non-zero x £ Tk, there exist k\,ki £ Z/KZ 
and mi,m 2 £ N such that p kl u mi (l - uu*)u* mi xu m2 (1 - uu*)u* mi p k2 ^ 0. Thus, we get (1 - 
uu*)u* mi xu m2 {l -uu*) / 0. 



/ •■• \ 
1 ••• 
1 ••• 



\ ■■• 10/ 
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(ii) For k G Z/KZ, set I k = span{u l (1 - uu*)p k u* m \ I, me N} C T K . Since (u'(l-wu*)p fe u* m )(u''(l- 
uu*)pk'U* m ) = 5fc,fc'^m^'« (1 — uu*)pku* m , the set J/c is isomorphic to IK for any k G Z/KZ and 
Ifc is orthogonal to Ifc' if k ^ fc'. One can easily see that 7 = ©f^ 1 becomes an ideal of Tk ■ 
Let us denote by tt the quotient map from Tk onto Tk / I- We will prove that Tk /I is isomorphic 
to C(T,Mjf). Since 1 — uu* = J2^=o(^ — uu *)Pk £ 7, 7r(it) is an unitary of Tk/I- One can verify 
that ejj = 7r(pt)7r(ti)' — J = 7r(w) 4_J 'Tr(pj) satisfies the axiom of matrix units of Mk for i,j e Z/KZ. 
Thus Tr-// ~Mk8 tt(p )(T k /I)tt(po)- Since 

PqTkPq = sp^{Po ul PkU* m po I fc G Z/KZ, I, m G N} = span{pow i u* m po i,m 6 N with Z— m G ifZ}, 

it(po)(Tk / I)ft(po) — tt{poTkPo) is generated by one unitary tt(pqu k pa). Since PqTkPq and 7 are 
globally invariant under the action /3' of T, we can define an action (3' of T on tt(pq) (Tk / T)^(po) ■ 
Since {3' t (n(p u K po)) = t K ir(p u K p ), the spectrum of 7r(p u K Po) is T. Therefore we have 

tt( Po )(T k /I)tt(p )=C(T). 

Thus, we have Tk/I — C(T,Mjf) and one can easily verify that tt is a desired surjection. 

(iii) For k G Z/KZ, we have tt o (3' t (pk) — ft" ^{Pk) = ^{Pk)- One can easily see that tt o f3' t (u)(Q) = tug. 
On the other hand, 

#'o7r(u)(0) = diag{l,t,i 2 ,... ,^- 1 }7r(M)(t K 0)diag{l,ZJ 2 J*" 1 } 

= diag{l,i,t 2 ,.-- ^-^UtKediagjl,?,? 2 ,... ,? A_1 } 
= tug. 

Therefore we have tt o (3' t — (3" o 7r. 

(iv) Since 1 G 7r(J), there exist G for each fc G Z/KZ with 1 — X^fcLo 1 x k £ F° r £ Z/KZ, there 
exists G Ifc such that 2/& / Sfc j/fe since is not unital. For k G Z/KZ, we have (1 — ^2^ = q Xk)yk = 
yfe — XkUk ^ which is in J n Since Ik = K, J R Ik ^ {0} implies Jfc C J. Thus 1 G J and so 



Proposition 5.9 There is a unique *-homomorphism <p : A — > Co(r,Tfc;) smc/i i/iai ip(S[fSl" 1 ) = 
u ' '( J2k=o { a ku>if)Pk) u * m ■ The map ip is injective and its image is {/ G Cq(T,Tk) | /(7 + u>i) — 
$(/(7)) /or any j G T} C Co(r,T^), where $ is a *- automorphism of Tk satisfying <&(it) = u and 

Proof. First note that Co(r) 9 / i— > X)fc=o ( <T fco>i /)Pfe £ Co(r,Tjf) is an injective *-homomorphism. Since 
this map and u G M(Co(r, Tr:)) satisfy the condition in Lemma |5.5| , there is a unique map ip : A — > 
C (r,T K ) such that (p{S[fS^ m ) = u l (Y,k=o( a ^J)Pk)u* m . As we saw in the proof of Lemma |]3 



there is a faithful conditional expectation E from A onto the C*-subalgebra i? of A which is an inductive 
limit of Co(T) k . If one defines a conditional expectation E' on Cq(T,Tk) by £?'(/ ) (7) — J T P' t (f(j))dt, 
then one can easily see that E,E' and ip satisfy the condition in Proposition |3 . 1 1 . Hence ip is injective. 



Since the C*-subalgebra {/ G Cq{T,Tk) | /(7 + ^>i) = ^(/(t)) for any 7 G T} is the closed linear span 
of u l Y^k=o { a ku x f)PkU* m for l,m G N and / G Co(r), this subalgebra is the image of (p. I 

Definition 5.10 For 7 G T, we denote by y> 7 : A — > Tr- the composition of the map ip : A — > Co(r, Tr-) 



in Proposition 5.9 and the evaluation map at 7 G T. 



For (7, 6») G T x T, we define tp 7t e : A -> M K by the composition of </? 7 : A -»• Tr-, tt : T K -> C(T, M K ) 



in Proposition 5.8 and the evaluation map at 9 G T. 
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Explicitly, Vl (S[fSr) = « , (E^ 1 /(7+*Wi)Pfc)«*'" e T * and iM^/ST) = ^diag{/( 7 ), /( 7 + 



T 



Wi), . . . , /(7 + (if — l)^)}?^" 1 € Mjf . As we saw in Proposition 5.9, we have ^ 7 + wl =$oi/5 7 for any 
7 6 T and one can easily see that for any (7,6*) eTxT, ip 1+UJlt g(x) = Ugip-y t $(x)ue for a; G A. For any 
t£T and any 7 G T, we have ip 1 o (3 t — (3' t o ip 7 . 

Denote by V the quotient of T by the subgroup generated by uii, which is isomorphic to Z/KZ. We 
denote by [7] and [U] the images in V of 7 G T and U C T respectively. We use the symbol ([7],$) for 
denoting elements of V x T. 

Definition 5.11 For an ideal I of O n x a ^G, we define the closed subset Yj of T' x T by 

Yi = {(H^) G T' x T I ip y ,e(x) = for all x G A n J}. 

Note that ip-y,e( x ) = if and only if ip^ +ullt g(x) = 0. 

Definition 5.12 A subset Y of T'xT is called u> -invariant iiY is a closed set satisfying that ([7+Wi], 0') G 
Y for any i ^ 1 any 6*' G T and any ([7], 0) G V . 

To show that the closed set Yj is w-invariant for an ideal /, we need the following lemma. 

Lemma 5.13 For any x G A, (7, ff) G T x T, and i / 1, we fterae 

E{^ 1+Wiit {x))dt = lim ^(StS^^xS^Si), 

m, — >oo 

where E is the conditional expectation from Mr to its C* -subalgebra of diagonal matrices. 

Proof. Take (7, 6) G Y x T, and i 7^ 1. First we consider an element x — Sf Sff G A for / G C (T) and 
fc,ieN. We have 

/ E(^ +ua (x))dt = [ E(u k t - l ^+^Af))dt, 

JT JT 

here note that ip 1+UIiyt (f) does not depend on t G T. When k — I is not a multiple of if, we have 

E (uj ^j+Ui,e(f)) = 0. When k — I = mK for some integer m, we have E (u t ipy+ Uit e(f)') = 
t m ip 1+Uz fi{f). Since J T t m ip 7+UJii g(f)dt = S mfi ip 7+UJii g(f), we get 

E(ip 1+UJtit (x))dt = Sk^+^ifiif)- 

n 

On the other hand, for any positive integer m satisfying mK > k,l,we have S*S{ mK xS™ K Si = 5k,icr Ui f G 
A, and so ^7,9 (S*Si m xS™ K Si) = <Jfc,i^ 7 + Wi ,e(/)- By the linearity of the equation, for any x G A 0l 
there exists a positive integer M such that 

E(ip i+ua (x))dt = ^ lfi {S*ST nK xS? K Si) 

for m > M. Approximating x by elements of Aq, we have 

E(ip i+Ui<t (x))dt = lim ^(StSt^xS^Si) 
J i ' 

for an arbitrary x e A. 

Proposition 5.14 For any ideal I of O n ~A a ^G , the closed set Yj is lo -invariant. 
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Proof. Take ([7], 8) £ Yj, i ^ 1 and 0' £ T. By Lemma 5.13, for any positive element 1 of A n /, 

E{ip i+Uut (x))dt = lim ^{StS^xS^KSi) =0 



since St mK xS^ Si G Afll Hence E(ip 1+Uit6 >(x)) = 0. Since £ is faithful, ip^ +u>ij g,{x) = for any 
i£ Afl/. It implies that ([7 + u>i], 8') £ Yj. Thus Yj is w-invariant. 1 



For an ideal / of 0„Xq,^G, the closed set Xj, defined in Definition p.l\ is determined from Yj as 
follows: 

Proposition 5.15 For an ideal I of O n ~x a ^G, we have Xj = {7 £ V ([7], 8) £ Yj for some 8 £ T}. 

Proof. When 7 ^ X u there exists / £ C (T) n/ C An/ with /( 7 ) ^ 0. Then for any (9 £ T, V 7 ,e(/) 7^ 0. 
Thus ([7], 6>) ^ Yf for any 6> £ T. Conversely assume 7 £ T satisfies ([j},6) £ Yj for any 9 6T, Then 
the ideal J = <^ 7 (A n /) of Tr- satisfies 1 £ 7r(J) where tt is the surjection in Proposition 5.S. By 
Proposition 5.8 (iv), we have ip 7 (A f) I) = Tk- Hence there exists x £ A n J with y 7 (x) = 1. Since A 
is isomorphic to the subalgebra of Cq(T,Tk), there exists y £ A such that xy £ Co(T) and </? 7 (xy) = 1. 
Since £ Co(r) n J, we have j £ Xj. 1 

We get the cj-invariant set Yj from an ideal / of O n y> a ^G. Conversely, from an w-invariant set Y, we 
can construct the ideal ly of O n yi a ^G. 

Definition 5.16 Let Y be an w-invariant subset of V x T. We define the subset Y|r of T by 

Y\ r = {7 £ T I there exist i ± 1 and 6> £ T such that ([7 - to t ],8) £ Y}, 

Since T is compact, the set Xj = {7 £ T | there exists 8 £ T such that ([7 — Wj], 0) £ Y} is closed for 
i = 2, 3, . . . , n. Thus Y|r = U™=2 ^ s a closed set of T. Since Y is w-invariant, we have ([7], 8) £ Y for 
any 7 £ Y|r and any 8 £ T. 

Definition 5.17 For an w-invariant subset Y of T' x T, we define Jy £ A and ly £ O n X a uG by 

Jy = {x £ A I ip-y,e(x) = for ([7], 0) £ Y, and <p 7 (x) = for 7 £ Y| r }, 

7y = span{5 M xS'* | fi, v £ W„, x £ Jy}. 

Clearly by the definition, Jy is an ideal of A. To see that ly is an ideal of 0„x Q ^G, we need the 
following lemmas. 

Lemma 5.18 For any x £ A and i ^ 1, we have xS, = J2kLo S^S t {S*(Sl k x)S l ). 

Proof. Let us take x £ A and i ^ 1. When j is not 1 nor i, we have S*xSi = because SjXoSi = for 
any element Xo of A$. From this, one can show by the induction with respect to m that 

m — 1 

xSi ^ ^ Si^S^ (5^ x)^) = xSi 

k=0 

for all positive integer m. We have linim^oo S^S^xSi = 0, since for any element Xo of Aq, we have 
5] n 5* m Xo5j = if we choose m sufficiently large. It completes the proof. I 

Lemma 5.19 Let Y be an u-invariant subset ofV x T. For any x £ Jy and i ^ 1, we have S*xSi £ Jy. 
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Proof. Since Si = (1 - we have S^xS* = - SiS?)x(l - By Lemma |5J, (1 - 

- 5i5*) = (1 - SiS*)f for some / G C (T). Hence S^xS, = er^/. Since x is in Jy, so is 
(1 - SiSDf. Let (7, 9) G Y be given. Since 7 + uji G F| r , we have y> 7+a , 4 ((l - SiS*)f) = 0. It implies 
that (1 — mt*) J2k=o / (7+^ + ^1)^ = 0, an d so fil + ^i +koJi) = for fc = 0, 1, . . . , K— 1. Therefore, 
we have 

^e{StxSi) = ^, fl (<7 Uj /) = diag{/( 7 + /( 7 + + . . . , /( 7 + Wi + (if - l) Wl )} = 0. 
Similarly, if 7 G F|r, then 7 + £ F|r, and so 

tp 1 (S*xS i ) = ip-f(<Juif) = ^ f^" 1 + W * + kuJ l)Pk = 0. 

fe=0 

Therefore S^xS* G Jy. I 

Proposition 5.20 For an us-invariant subset Y ofV x T, Iy is an ideal of O n x> a ^G. 

Proof. By definition, Iy is a ^-invariant closed subspace of O n x a ^G. To prove that Iy is an ideal of 
O n ~A a u:G, it suffices to show that for any /i, v G W„, x G Jy, the products of y — S^xS* G Iy and Sj, 5* 
(i = 1, 2, . . . ,n), or / G C (L) are in Iy. It is clear that yS* = S^xS^S* G Iy and y/ = S^a^^S* G 
Iy. It is also clear that ySi G Iy when ^ or i = 1. Hence all we have to do is to prove S^xSi G Iy for 
^ G W„, x G Jy and i 7^ 1. By Lemma |1§ we have S^xS* = ^^Lo S„SiS i (S?(S$ k x)S i ). By Lemma 



5.18 , we have S*(Sl k x)Si G Jy for any positive integer k. Therefore S^xSi G Iy. We are done. 1 

We will show that an ideal Iy satisfies that Yj Y = Y for any w-invariant subset Y of V x T. 
Lemma 5.21 For an Lu-invariant subset Y ofT'x T, we have Iy H A = Jy. 

Proof. By the definition of Iy, we have Iy D A D Jy. We will prove the other inclusion. Take x G 
Iy fl A. For an arbitrary e > 0, there exist ni,vi G W„ and x; G Jy for I — 1,2, ... ,L such that 

x — ^t^i x i^ti < £ - Take a positive integer to such that m > |/Zi|, for Z = 1,2, .. . , L. Then, 

Sl m xS? - Ef=i ^ < £ wh ere xj = S{ m S^xiS^S? for Z = 1,2,... ,L. Since xj G Jy, we have 
ip-y,e(S* m xS'™) || < e for ([7], 6*) G y. Since ip 1 fi{Si) is a unitary, we have ||^ 7i e(x) || < e for arbitrary 
£ > 0. Hence, we have ip lt $(x) = for any ([7], 9) G Y. 



Let 7 be an element of F. Assume y> 7 (x) ^ and we will prove that 7 ^ y|r- By Proposition 5.8 (i), 
there exist k,l G N satisfying (1 - mt*)ii* V-r^V (1 - uu*) 0. Set y = (1 - SiSl)Sl k xS{(l - SiS?) G 
Iy. Then there exists / G Cq(T) with y = (1 — SiS*)f. Since <p-y(y) ^ 0, there exists an integer fc 
with < fc < if — 1 such that /(7 + fccJi) 7^ 0. Therefore, for any i 7^ 1 and any G T, we have 
^■y-uji,6(S*ySi) — ipf—u i ,e(o'uiif) 0- By the former part of this proof, we have ([7 — u>i\, 9) ^Y for any 
i ^ 1 and any G T because S*ySi G IydA. It implies that 7 ^ Y\ r . 

Therefore x G Jy. We have proved the inclusion Jy n A C Jy and so Iy n A = Jy . 1 



Lemma 5.22 Let Y be an uo-invariant subset of T x T. For any ([70], #0) ^ y> there exists xq G Jy 
such that Vv,,0 o ( x o) 7^ 0. 

Proof. Since ([70], #o) ^ ^) we have 70 ^ Y\p. Since V|r and y are closed, there exist a neighborhood 
U C r of 70 and a neighborhood V C T of O such that U+lu 1 = U, Y\ r nU = and YD([U]xV) = 0. Take 
g G C(T) whose support is contained in V and satisfying g{6 ) = 1. The C*-algebra C*(S 1 : ) generated 
by Si in M(A) is isomorphic to the Toeplitz algebra. There exists an element x G C*(S 1 : ) C M (A) such 
that ^e(x) — g(9) where is the *-homomorphism from C*(5f r ) to C determined by ^(S^) = 9 for 
9 G T. Take / G Co(T) whose support is contained in U and satisfying /(70) = 1 and set xo = xf G A. 
We have xo G Jy since <£> 7 (xo) = when 7 ^ {/ and ^ 7 ,e(xo) = when (7,0) ^ Z7 x V. Thus we get 
x G Jy with ^70^0(^0) 7^ 0. 1 
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Proposition 5.23 For any ui-invariant subset Y of V x T, we have Yjy = Y. 



Proof. Combine Lemma 5.21 and Lemma 5.22. 



By Proposition 5.23, the map I *—* Yj from the set of ideals / of O n x a ^G to the set of w-invariant 
subsets of r' x T is surjective. We will prove this map is injective in the next subsection. We conclude 
this subsection by proving some results on ly. 

Proposition 5.24 Let Y be an to-invariant subset ofV x T. For t G T, set p t (Y) = {([7], 0) £ f x T 
([7],^) G Y}. Then pt(Y) becomes to-invariant and (3t{Iy) = I p K {Y) where (3 is the gauge action. In 
particular, if t K = 1 then (3t{Iy) = ly . 



Proof. By Proposition [5^ (iii), ip lt g([3t(x)) = if and only if ifj^ t K e (x) = for x G A. Since p t K(Y)\r = 
Y\r, we have 

(3 t {Jy) = {x G A I fy,o(Pt(x)) = for ([7], 6) G Y, <p^(fit(x)) = for 7 G F| r } 

= {xeA \ ^ t K 6 {x) = for ([ 7 ],0) G Y, <Py((3 t (x)) = for 7 G p t «(F)| r } 



J, 



P t K(Y)- 



Hence, f3 t (Iy) 



l P t K(Y)- 



A relation between ly and Ix is the following. 

Proposition 5.25 (i) For an to-invariant subset X of T , Y = [X] x T is an uj-invariant subset of 
fx! and Iy=I X - 

(ii) For an uj-invariant subset Y ofV x T, X = {7 G T | ([7], 6) G Y for some 9 G T} is an to-invariant 
subset ofV and Ix = ritgT<^*(^V)- 

Proof. 

(i) It is easy to see that Y = [X] x T becomes an ^-invariant set. Noting that Yj Y — Y by Proposition 
5.23, we have Xi y = X from Proposition 5.15. By Proposition 5.24, ly is a gauge invariant ideal 
of O n x a ^G. Therefore ly = Ix- 



(ii) Noting that Yj r = Y, we have Xi Y = X from Lemma 5.21. Hence (HteT ^ Co(r) = 

Co(r \ X) = n*eT^ t (^ ^ ^o(r)) = Co(L \ X). Since the ideal HteT^tC^) ^ s S au S e invariant, we 
have I x = flteT ACM- ' 



Proposition 5.26 Lei X fee an to-invariant subset ofV and set X' — U™ =2 (X + u>i) which becomes an 
to-invariant set satisfying X' C X. The set X is a bad to-invariant set if and only if X' C x . When X is 
bad, the set Y = ([X] x {1}) U ([X'] x T) becomes an to-invariant subset ofT'xT satisfying Y C [x] x T. 
Any closed set Y satisfying Y C\Y' C. [X] x T is to-invariant and satisfies Xj , = X . 

Proof. If X is good, then for any 76I there exists i ^ 1 with 7-^6 X. Hence X' = X. Conversely, 
if X' — X, then for any 7 G X there exists i ^ 1 with 7 — G X. Hence 7 G X satisfies the condition 
(ii) in Lemma [4.3| . Therefore X is good. When X' 9 X, it is easy to see that any closed set Y' satisfying 
FcF'c [X] x T is ^-invariant. The last statement follows from Proposition 5.15. 1 



By Proposition 5.26, we can find many ideals I with Xj = X if X is a bad w-invariant subset of T 



(note that a bad w-invariant set exists whenever to does not satisfy Condition 5.1) 
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5.3 Primitive ideals 



Now, we turn to showing that Iyj = I for any ideal / (Theorem 5.49). To see this, we examine the 



primitive ideal space of O n yt a ^G. Let P be a primitive ideal of O n >4 a ^G. By Proposition 4.10, the 



closed set Xp of Y is prime. Hence there exist non-empty subset I of {1, 2, . . . , n) and 70 G Y such that 



Xp = 70 + Oj by Proposition 4.11 



Proposition 5.27 // a non-empty subset 1 is not {1}, then X = 70 + Oj is a good to-invariant set for 
any 70 G T. 

Proof. There is i G I which is not 1. For any 7 £ X, we have 7 — mwi -w; £X for any positive integer 
m. Hence, X is good by Lemma 4.2 . I 



If a primitive ideal P satisfies Xp = 70 + Q,j for I 7^ {1}, then P = Py p by Theorem |4.5| . Conversely 
for any 70 G T and I 7^ {1}, the ideal / 7o +n, is primitive. 

Lemma 5.28 Let 70 G Y, I 7^ {1}, and X = 70 + Oj. // an ideal I satisfies X C Xj. then I C Ix- 

Proof. Let us write P = Ix- We will first show that Xj + p = X. Clearly, Xj + p C X. To derive 
a contradiction, let us assume Xj + p 7^ X. Choose 7 G X with 7 </ X/ + p. Then there exists / G 
(I + P) n C (r) with / > and 7(7) = 1. Let us denote / = x\ + y\ where xx G / and G P. Take 
i G I with i ^ 1. For to G N, let us define u m = £ eVV £n) S^S^StS* G M(O n x^G). We have 
u* m u m = 1 for any to G N. By checking for elements which are finite sums of S^fS*, one can prove 
linim^oo u* m xu m = <7 UJi (E(x)) for any x G O n y\ a ^G where E is the conditional expectation onto T and 
u u>i is an automorphism of T coming from the shift of = C Q {Y) ® M„ fc . Set 

%2 = < J Lo i (E(xi)) and 

2/2 = cr wi(-E l (yi))- Then we have X2 G /, 2/2 G P and <7 Wj (/) = ^2 + 2/2- For sufficiently large integer fe 
which is a multiple of A", one can find x 3 G J n J 7 ^ , 3/3 G PnJ (fc) with ||x 3 - x 2 || < 1/2, ||j/3-y 2 || < 1/2. 
Note that I n .F^ = C (r \ X/) <g) M„ fc and P n F^ = C (r\X) <g) M„ fc . Let <p be an evaluation map at 
7 - uJi G T from JF^ = C (r) ® M„ fc to M„* . Since 7 - uj t G X C X/, we have ^(2:3) = and tp(y 3 ) = 0. 
Since a Uf (f) = £ MfEW W S * a "i+"»(f) S Z £ ^ > we have vi^if)) = £ MfE w« /(7 + UJ ^) S ^ S t- Since 
/ > 0, we have ^(^CO) ^ /(7 + ku^Sf = S^Sf. Therefore ||<^(o- Wi (/))]] > 1 which contradicts 
the fact that — 0:3 — 2/3 1 1 < 1. Hence X/ + p = X. 

Since X is a good w-invariant set, Xj + p = X implies I + P = Ix = P- Therefore, IcP. 1 

Proposition 5.29 Let 70 £ T, I / {1}, and X = 70 + flj. The ideal P = Ix is primitive. 

Proof. Since O n >t a ^G is separable, it suffices to show that P is prime. Let Ix,h be ideals of O n yi a ^G 



with Ix n I2 G P. Then X/ x U X/ 2 D X. Since X is prime, either X Ix Dior Xj 2 D X. By Lemma |5.28| , 
we have either I\ C P or 7 2 G P. Thus, P is prime. 1 

Next we will determine all primitive ideals P with Xp = 70 + ^(1} for some 70 G Y. Note that "fo+$l{x} 
is a bad w-invariant set. Let ft = {lu^ | /1 G W n } which is the semigroup generated by u>x, u>2, ■ ■ ■ ,w n . 



Using that wEf™ does not satisfy Condition 5.1, we can show that ft has no accumulation point 



Proposition 5.30 For any 7 G Y, there exists a neighborhood U of 7 with (U \ {7}) D O, = 0. 

Proof. To derive a contradiction, assume that there exists 7 G Y such that (t/ \ {7}) n 7^ for any 
neighborhood [/ of 7. One can find /xo, fix, . . . , /Ufe, ... G W n with limfe^oo u>fj, k = 7 and w Mfc 7^ 7 for any 
k G N. Replacing {fc} by a subsequence if necessary, we may assume the number of i's appearing in /i^ does 
not decrease for any i = 2, 3, . . . ,n. There exists io 7^ 1 such that the number of io's appearing in fj,k goes 
to infinity since uj flk 7^ 7 for any k G N. Replacing {fc} by a subsequence if necessary, we may assume the 
number of i 's appearing in [i k increases strictly. We get lim fc ^ oc (cJ Mfc -w Mh _ 1 -Wj ) = 7-7-w^ = -Wj . 
Since cJ Mfc — uj^ k l — u>i G C ^{1}, we have — Wi G ^{i}- It contradicts the assumption for u>. I 
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Corollary 5.31 We have ^{i} = Q and Jl is a discrete set. 

By the corollary above, we can define the following. 

Definition 5.32 For ([ 7 ],0) G T x T, we set Y (h]<8) = {([ 7 ],0)} U ( ( [7 + fi] \{[7]}) x T) which is an 
w-invariant closed subset of T' x T. We write P([ 7 ],e) f° r denoting Jy ( . 

We will show that P([ 7 ],0) is a primitive ideal for any ([7],$) G T' x T. To see this, we need the 
following proposition. This will be used to determine the topology of primitive ideal space of n x Q ^G. 
Let us define a subset W+ of W n by W+ = {(h,i 2 , ■ ■ ■ ,4) G W n | i k ^ 1} U {0}. 

Proposition 5.33 Lei J k a compact subset ofT such that X n (X + 7) = /or any 7 G £1 \ {0}. 7/ we 
set X\ = X + Q and X2 = X + (fl \ {0, u>±, . . . , (K — 1)oji}). then X\ and X2 become to-invariant sets 
and I x . 2 /Ixi = i®C(XxT). 

Proof. Since X is compact and f2 is closed, X\ = X + fi becomes closed. The same reason shows that X2 
is closed. It is easy to see that both X\ and X2 satisfy the conditions of w-invariance. Note that X\ \ X2 
is a disjoint union of compact sets X, X + u)i, . . . ,X + (K — l)wi. Since fSi — SiO^J = for i ^ 1 
and / G C{X X \ X 2 ) C Ix 2 /Ixi, we have Si/S^ = o-- Ul = cr_ Wl / - o-- Wl fJ2i=2 s i S i = a -u>xf- 

Therefore Ix 2 /Ix 1 = span{5 M /S'* /i,i/£W„,/e For (fc, /x), z/) G Z/KZ x W+, let us define 

e (fc,^),(z.i/) = S^SiXS* $Z S Ix 2 /Ix 1 where x is a characteristic function of X. Then {e^ satisfies 
the relation of matrix units and S( feiAl ) GZ /xzxw+ e (fe,M),(fc,M) = 1 (strictly)- Since 6(0,05,(0,0) = we have 
W-^ = K ® B where P = x{lxjlx l )x- We have 

P = span{ X ^/^x I 1/ G W n , / G CpTj} = span{(5f ) m / | m G Z, / G C(X)}. 

Since P is generated by C(X) and a unitary S^x which commute with each other and since P is globally 
invariant under the gauge action, we have B = C(X x T). Therefore we get Ix 2 /Ix x = BC (g> C(X x T). 

I 

Let us choose 70 G T and fix it. Set X\ = 70 + £1 and X2 = jo + (ft \ {0,lji, ... , (K — l)wi} 
which is an cj-invariant subset of V by Corollary 5.31. Since [Xi] x T D ^(haWo) D [X2] x T, we have 
Ixi C P([ 7o ],e ) ^ ^ or an y ^° £ T. Taking X = {70} in Proposition |5.33| , we get an isomorphism 
Ix 2 l Ixx — K(g> C(T) which sends S'f^x to p ® z where x G Co(Xi \ X2) is a characteristic function of 70, 
p G K is a minimal projection corresponding to x, and z is the canonical generator of C(T). 

Lemma 5.34 Under the isomorphism Ix 2 / Ix x — K ® C(T) above, we have P^^g^/Ixx = K <£> Co(T \ 
{0 O }) /or am/ O G T. 

Proof. Since P(r 7o ] ,e ) / ^Xi is an ideal of Ix 2 /-Txi , all we have to do is to show (P([ 7o i ,e ) / Ixi ) H C* (S^x) = 
p <g> Co(T \ {0o})- For G T, the map ip l0 .e : A — > Mjj vanishes on An lx x ■ Hence we can define the map 
ip'g : A/ (Anlxi ) — ► so that ipgon' = ip l0 ,e where n' is the canonical surjection from A to A/(An/xi)- 
The image of C*(5'fx) cA/(Afl ixi) under ip' e is contained in CI C Mjf. One can show that the map 
: C*(S^x) — ¥ CI is isomorphic to the evaluation map at G T from Co (T) C K(g) Co(T) under the 
isomorphism C*{S? X ) =P®C (T). Noting that (P {bo]M /I Xl )nC*(Sf X ) = (Jr (hol , eo) Ax 1 )nC*(5f X ) 



by Lemma 5.21 , we get the desired isomorphism (P([ 7o ] eo )//xi) H C*(5f"x) — Co(T \ {0o})- I 

To prove P([ 7o ],e ) is primitive, we need the following observation which is inspired by I jaHR | . Let 
H = l 2 ((Z/ KZ) x W+) be a Hilbert space whose complete orthonormal system is given by I k G 

Z/KZ, fi G W+}. For i = 1, 2, . . . , n, let us define T, G P(i7) by 



4+i,0 (ifi = l,/x = 
Cfc.v (otherwise). 



For 7 £ (], let us denote by Q 1 G B{H) a projection onto spanj^.^ | kuji + w M = 7}. One can easily see 
the following. 
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Lemma 5.35 (i) For i = 1, 2, . . . , n, T*T t = 1 and £" =1 T{F* = 1. 
(ii) J2 ie nQi = 1 (strongly). 

TiQ 7 - Ui {if 7 -w»€fi), 



(iii) For i = 1,2,... , n and 7 G 57, Q~ t Ti 



(otherwise). 



By this lemma, there exists a unique *-homomorphism (p\ : O n x a ^G — > B(H) with yi(S'i) = 7* and 
= E 7£ o /(7o + 7)Q 7 for / G C (r). 

Lemma 5.36 VFe have <fi(Ixi) — emd (p\(Ix 2 ) = K(H). 

Proof. Since </?i(/) = for any / 6 Co(r \ Xl), we have (£>i(/xi) = 0. From Ix 2 = span{5 M /S'* /x, ^ G 
W«, / G C (T \ X 2 )} and Q fcwi = T?Q T* k , we get 

¥>i(Ix a ) = mR{T^Q kui T: I At,i/ G W ni A G Z/XZ} = span^QoT; | /x.i/ G W„}. 

Writing T p = 7>T-J and 7], = T^Tf where /x', 1/ G W+ and l,m G N, we sec that T^QqT^ is a one 
rank operator from £ m / „/ to £{/ „/ where ml ,1' G Z/KZ are images of ra, / (E N respectively. Therefore 
Mlx 2 ) = K(H). ' I 

Since (^(CiXq^G) D K(H), (pi is an irreducible representation. Hence ker^i is a primitive ideal. 
We will prove that kert^i = Pq 7o i0 o ) for some 9 G T, 

For t G T, let us define a unitary t/ t £ P(P) by U t (£,k,^) = i' M 'Cfc,M- One can easily see the following. 

Lemma 5.37 (i) J7 f Q 7 C/ ( * = Q 1 for 7 G CI. 

(ii) U t TiU? = tTi fori = 2,3,... ,n. 

(iii) C/ t 7W t * = tT x + (1 - t)V w/iere V G P(/f) is de/^ed 6y V(&,„) = ^,0^+1,0 ■ 

For t G T, let us define a ^-automorphism f3' t of P(Jf) by [3' t (x) — U t xU^ for a; G B(H). Since 
(3' t (K(H)) = K(H) for any t G T, we can extend the ^-automorphism f3' t of B(H) to one of B(H)/K(H) 
which is also denoted by (3' t . Let us denote by <f2 ■ 0„xi Q ^G — > B(H)/K(H) the composition of ^1 and 
a natural surjection 7r : B(H) —* B(H)/K(H). 

Lemma 5.38 Por any t£T, we /iave /3j o ip 2 — ¥2 fit where [3 is the gauge action on O n x a ^G. 

Proof. The only non-trivial part is f3' t (ir(Ti)) = tw(Ti) for i 6 T which follows from the fact that V in 
Lemma 5.37 (iii) is a compact operator. I 

Lemma 5.39 We have ker 932 = Ix 2 - 



Proof. By Lemma 5.38, ker 952 is a gauge invariant ideal. For 7 G f2, Q 1 becomes a compact operator 
if and only if 7 = kuji for some k £ Z/KZ. Hence -Xk ery2 = 7o + (^ \ {0,<^i, ■ • ■ , (if — l)u>i}) = ^2- 
Therefore we have ker cp2 — Ix 2 ■ 1 

Proposition 5.40 For any 9 G T, P([~{ ].8) is a primitive ideal. 

Proof. By Lemma |5.36| and Lemma 5.39, we have Ix x C ker </?i C ix 2 - Since kerpi is primitive, the ideal 
ker fi/Ix-i of Jy ? / Ix-< is also primitive. Hence we have kenpi/Ix 1 = K ® Co(T \ {#0}) for some #0 G T. 
By Lemma 5.34 , we have kert/?i = P([ 7o ],0 o ). Thus P([7 O ],0 O ) is a primitive ideal. For an arbitrary G T, 
there exists t G T with = i^o- Hence P(r 7o ] ;6) ) = /3t(P([ 7a ],0 Q )) is also primitive. I 

In fact, we can prove kert^i = P([ 7o ] !), but we do not need it. 

Proposition 5.41 For 70 G T, the set of all primitive ideals P satisfying Xp = 70 + CI is {P(r 7o i g) | 8 G 
T}. 
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Proof. By Proposition 5.40, the ideal P = P([ 7o ],0) 1S primitive with Xp = 70 + ft for any 9 G T. Let P 
be a primitive ideal of O n » a ^G with Xp = j + fl for some 70 G T. Then, Ix ± G P and Jx 2 *t- P where 
X\ = 70 + H and X 2 = 70 + (O \ {0,lji, ... , (if — 1)cji}). The set of all primitive ideals P satisfying 
ixi C P and 7x 2 ^ P corresponds to the set of primitive ideals ofIx 2 /Ix 1 — K®C(T) bijectively (see, for 



example, [DixQ. Hence there is no primitive ideal P satisfying Xp — 70 + £1 other than {-P([ 7o ] $) \ 6 € T}. 

I 

Now we can describe the primitive ideal space of O n y\ a ^G. 

Lemma 5.42 Let 71,72 G T andli,^ be non-empty sets of {1,2,... ,n}. Then J^+ni — ^72+f!i 2 if and 
only if Q u = Ia and 71 - 72 G n (-finj. 

Proof. Obviously / 7l +n fl = £y 2 +o l2 is equivalent to 71 + = 72 + 0i 2 . If fl^ = fij 2 and 71 - 72 G 
Ql 1 fl (— CIj-l), then 71 + f2j 1 = 72 4- f2i 2 . Conversely assume 71 + = 72 + f2i 2 and denote it by X. Then 
we have fl^ = fii 2 because fl^ = {7 G T | X + 7 C X} for j = 1, 2. Hence we get 71—72 G fl (— 
The proof is completed. 1 

For non-empty sets Ii,l2 of {1,2,... , n}, we write Ii ~ I2 if S7i 1 = ili 2 . Let us choose and fix 
representative elements of each equivalence classes of ~ and denote by T the set of them. Note that 
{1} G T since I ~ {1} if and only if I = {1}. For each ! £ I, we define a topological space Tj by 
Ti = r/(Oi n (-Oh)) if I ^ {1} and r { i } =T'xT, For [7] G Ti with I ^ {1}, we define a primitive ideal 
P[ 7 ] by I 7 +Qi- Note that if [7] = W ] in Ti, then J 7 +n, = iy+Oi- For ([7],$) G r { i} = T' x T, the ideal 
P([ 7 ] g) is defined in Definition 5.32) . 



Proposition 5.43 T/ie map IJiei-Ti 3 y 1— > P y G Prim(O n xi^G) is bijective where Prim(0„ x a ^G) is 
the primitive ideal space of O n » a ^G. 



Proof. The map is injective by Lemma 5.42] and surjective by Proposition 5.41 



The primitive ideal space Prim(0„ x a ^ G) is a topological space whose closed sets are given by {P G 
Prim(C„ xi a ^ G) \ I G P} for ideals J. We will investigate which subset of U IeI Ti corresponds to a closed 
subset of Prim(C n X] a ^ G) . 

Lemma 5.44 For any 70 G T, there exists a compact neighborhood X of 70 suc/i £/ia£ X fl (X + 7) = 
/or any 7 6 fi \ {0}. 



Proof. By Proposition p.3C| , there exists a neighborhood U of with 7 ^ [/ for any 7 G Q \ {0}. Take a 
compact neighborhood V of with V — V C £/. Then X = 70 + V is a desired compact neighborhood of 
7o- I 

Lemma 5.45 We have X + 7$ 7 + flx for any 7 £ T, I ^ {1}, and any compact set X ofT. 

Proof. To derive a contradiction, assume X + il D 7 + fij for some 7 £ T. I ^ {1}, and some compact set 
X of r. Take i G I with i ^ 1. For any k G N, the element 7 — fcwi is in 7 + Slj. Hence there exists 71 £l 
and fik S W ra with 7 — fcwi = 7^ + ti> Mfc for any k G N. Since X is compact, there exists a subsequence 
{&z};eN of N so that jk, converges to some point. Thus jaw + fczWj^gN becomes a convergent sequence. 



By the same argument as in the proof of Proposition 5.3C , we can show that — cj, G f2 = ^{i}- This 



contradicts the assumption for to. 1 

Lemma 5.46 Let Y be a subset ofT' x T. If for any [7] G V , there exists a compact neighborhood [Xy] 
of [7] such that Y fl {[Xy] x T) is closed set, then Y is closed. 

Proof. Take a net {([7a], #a)} in Y converges to ([7],$) £ f x T. Eventually [7a] G [Xy] because [Xy] is 
a neighborhood of [7]. Then ([7], 6) G Y since Y n ([Xy] x T) is closed. Thus y is closed. 1 
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Lemma 5.47 For any lu -invariant subset X ofT, we have Ix = C\ y e[x]xT -^v 



Proof. By Proposition 5.24, the ideal I = f] ve \x]xt^v ^ s S au S e invariant. Hence I — Ix because 



Co(r) n i = n ye[ x]xT(c (r) n p y ) = f] ie x ^o(r \ ( 7 + n)) - G (r \ x). I 

Proposition 5.48 Let Y be a subset of Ujgx^i an d se ^ Yj — Y H Tf for I G X. The set Py — {P y | 

y G Y} is closed in Prim(O n x a u G) if and only if Ym is an uj-invariant set of Tin = V x T and 
Yi = {[7] G Ti I [7 + fii] X T C Y {1} } for any I el with I ^ {1}. 

Proof. Let us take a subset Y = JJjgj^i of Oiex^ 1- ^ ^f 1 } ^ s an ^-invariant subset of = f x T. 
then we can define the ideal Iy {1} - O ne can easily see that {([7], 5) G | C -P([7],e)} — ^{1} and 

that for I ^ {1}, Iy {1} C i-y+o, if and only if [7 + flj] xTc Therefore if Y satisfies the condition 

in the statement, then Py is closed in Prim(0„ x Q ^G). 

Conversely, assume Py is closed, i.e. there exists an ideal I of n x a ^G so that Y — {y ^JJigiTi 



I C P y }. We first show that Y{\} is w-invariant. Take 70 £ T arbitrarily. By Lemma 5.44 , there 
exists a compact neighborhood X of 70 such that X (1 (I + 7) = for any 7 G £1 \ {0}. If we set 
Xi = X + fi and X 2 = X + (Cl \ {0, uji, . . . , (K - l)u>i}), then Ix 2 /Ix 1 = K (g> C(X x T) by Proposition 
The subset {P G Prim(0„ x aM G) I I Xl C P, ix 2 ^ P} of Prim(0„ x ^ G) is homeomorphic to 
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Prim(/x 2 /7xi) — -X" x T. By Lemma |5.45 , X\ 7$ 7 + fix for any 7 G T and for any I 7^ {!}. Hence 



{x g JJrj I i Xl c p„/x 2 ^ p.} = [x] x t c r {1} . 
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Therefore [X] X T 9 a; 1— > P x G Prim(O n x Q ^G) is a homeomorphism from [X] x T whose topology is the 
relative topology of V x T to the subset {P G Prim^x^G) | I Xl C P,/x 2 t P} of Prim(O n x Q cG) 
(note that X is homeomorphic to [X]). The set Y n ([X] xT)c r^i. is closed in [X] x T because Py is 
closed. By Lemma |5.46 , the subset Y^j is closed in T^y. If ([7], 9) G Y{i}-, then ([7 + a;,], 9') G Y{i} for 



any i G {2, 3, . . . , n} and 9' G T because P([ 7 i 0) C P([ 7 +o; 4 ],0')- Therefore Y^y is an w-invariant subset of 
Take lei with I ^ {1} and [7] G IY Since / 7 +fi, = fl^e^+nilxT ^ Lemma |5.47 , the element 



[7] is in Yi if and only if [7 + fix] x T C Ym. Therefore Y satisfies the condition in the statement. 1 
By the proposition above, we get the following. 



Theorem 5.49 When u does not satisfy Condition 5.1, there is a one-to-one correspondence between the 



set of ideals of O n ~A a ^G and the set of u> -invariant subsets ofV x T. Hence for any ideal I of O n y> a ^G, 
we have I = Iy x . 

Proof. There is a one-to-one correspondence between the set of ideals of O n x Q ^ G and the closed subset 



of Prim(O n x a ^G). By Proposition |5.48| , the closed subset of Prim(0„ x a ^G) corresponds bijectively to 



the set of w-invariant subsets of fxl I 



6 The strong Connes spectrum and the K-groups of O n xi a ^G 

As a consequence of knowing all ideals of C„x Q ^G, we can compute the strong Connes spectrum of the 
action : G rx O n . We recall the definition of the strong Connes spectrum. 

Definition 6.1 Let a : G rx A be an action of an abelian group G, whose dual group is T, on a 
G*-algebra A. The strong Connes spectrum T(a) of a is defined by 

r(a) = {7 G r I cE 7 (I) G I, for any ideal I of A x Q G}, 
where a : T rx A >i a G is the dual action of a. 
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For each action a, the strong Connes spectrum T(a) is a closed subsemigroup of F. We remark that in 
the original paper jKj], A. Kishimoto defined the strong Connes spectrum in a different way and proved 
that his definition is equivalent to the definition above (see, [Ki, Lemma 3.4]). 

In our setting, the dual actions a" : T rx O n x a ^ G are characterized by 1 {S u f SI) = S^a^fS* for 

n,ve W„, /eC (r) and 7 er. 



Proposition 6.2 Let ui be an element of T n . 
ft=i%}- 



The strong Connes spectrum T{a u) ) of the action a u is 



Proof. First we consider the case that w satisfies Condition 5.1. Since the correspondence between 
ideals of O n xt a uG and w-invariant subsets of T is one-to-one by Theorem 5.2, a w 7 (I) C / if and only if 
Xj— 7 D Xj for an ideal / and 7 G T. For any i S {1, 2, . . . , n}, the set is an w-invariant set satisfying 



{7 G T I fi {i} + 7 C = fi {j} . Therefore r(a u ) C f)l 



,1 



We have X D X + f]" =1 fi{i} for any 



w-invariant set X because for any x & X there exists i with x + &>{i] C X . we have r(a") 3 |~)i=i ^{i}- 
Thus r(a w ) = n"=i ^{»} m the case ^ na t w satisfies Condition 5.1. 

Next we consider the case that oj does not satisfy Condition 5.1. In this case, the set f]" =1 fi{i} 
coincides with = {w^ | // G W n }. Since £1 is an w-invariant subset of T and {7 G T \ a u) 1 {Io) C 
In.} = {7 £ T I 1] + 7 C fi} = O, we have T(a w ) C f2. For any w-invariant subset Y of T' x T, we 
have ([7 + w^], for any fi G W„ and any ([7], 9) G Y. Since the correspondence between ideals of 

n x Q ^G and w-invariant subsets of V x T is one-to-one by Theorem 5.49, we have a ul 1 (I) C / for any 
ideal / of 0„x Q ^G and for any 7 G fi. Hence r(a") D fi. Therefore also in the case that uj does not 
satisfy Condition 5J, we have r(a") = HiLi fi{i}- I 



Remark 6.3 The inclusion r(a") C HlLi ^{«} na d been already proved by A. Kishimoto ]k| . 

The crossed product OnXi^G is a Cuntz-Pimsner algebra. Let E = Go(r)™ be a right Co(L) module. 
The left Cq(T) module structure of E is given by 

/•(/l,/a,..- ,W=k(/)/l,^(/)/2r.. ,^Af)fn) eE 

for/GC (r) and (A, / 2 , ...,/„) G £. 

Proposition 6.4 TTie crossed product O n x a ^G is isomorphic to the Cuntz-Pimsner algebra Oe- 

Proof. The inclusion G (r) ^ C„x^G and £ 9 (/i,/ 2 ,... ,/„) h-> E™=1 e 0„x Q -G satis- 
fies the conditions in |Pi| Theorem 3.12] (for example, the condition (4) is equivalent to saying that 
Y^i=iSi <J u i {f)Si — f for any / G Cq(Y)). Hence there exists a *-homomorphism tp : Oe — * O n yi a ^G 
which is surjective since 0„x Q ^G is generated by {X^iLi ^ifi I fi e Co(r)}. One can show that ip is 



injective by using Proposition 3.11. Thus n »„uG is isomorphic to Oe- 



The ideal structures of Cuntz-Pimsner algebras were investigated in [KPW| when Hilbert bimodulcs 
are finitely generated. Our Hilbert bimodulc E is finitely generated if and only if the group G is discrete. 



When G is discrete, we can know the detailed structure of O n x a ^G without using the result in [KPW| 
(see subsection 7.2). Thanks to considering our algebra 0„x Q ^G as a Cuntz-Pimsner algebra, we can 
compute the K-groups of it by [jpi|, Theorem 4.8]. 



Proposition 6.5 Let oj be an element ofT n . 

id-E?=i(^i). 



K {C a (Y)) 

i 

where l is the embedding l : Go(r) 



The following sequence is exact: 
Ko(C (T)) — K (O n x a ^G) 



Ki(C (T)) 



id-E?=i(^ 4 ). 



^i(c (r)), 



O n X a «G. 



24 



Proof. Let us denote by T n the Cuntz-Toeplitz algebra, which is generated by n isometries T\, T2, . . . , T n 
satisfying J2i=i TiT* < 1. There is a surjection n : T n — > O n with Tr(Xi) = Si for i = 1, 2, . . . ,n. The 
kernel of tt is isomorphic to K. If we define an action ~of : G r\ T n by a^(Ti) = ( t \ u>i }Tj for t E G and 
2 = 1,2,... then the kernel of 7r is invariant under this action and tt o o^ 1 = a" o tt for any t E G. 
Hence there exists a short exact sequence —> K xig^ G — > 7^ G — > O n x Q ^G — > 0. One can see 



that 7^ x y G is isomorphic to Tg in a similar way to Proposition 3.4. The G*-algebra IK G is 
isomorphic to K ® Go(T). The subalgebra CI x 3 ^ G of 7^ x 3 ^ G is isomorphic to Go(T). The inclusion 
Go(r) 7^ G induces a KK-equivalence between Go(T) and T n G whose inverse is given by a 
Kasparov bimodule (£+ © £+ , tt © tti , T) E XK(T n G, G (T)) where £+ = 0^ o is a right G (P) 
module, ttq : T n » y G — > L(£ + ) is the natural representation, 7ri : T n G — > £(©&Li i?® fc ) C L(£ + ) is 
the representation obtained from the universal property of T n x s ^ G and T : £+ ©£+ — * 5+ ©£+ is defined 
by r(C©0 — C©£ (f° r the detail, see Section 4 in |Pi|]). To show that the 6-term exact sequence obtained 
from the short exact sequence — ► K Xgw G —*T n x 3 ^ G — > O n ^a^G — > is the desired one, it suffices to 
see that the element (£+ ffi £ + , (ip o 7r ) ffi (99 o 7Ti), T) 6 KK(Co(T), Go(T)) coincides with id — X)"=i( cr w i )* 
where y> : G (T) -> T„ G is given by <p(f) = (1 - £™=i ^V 7 ?)/ (note that 1 - £* =1 Ti^T is a minimal 
projection of the kernel of tt which is isomorphic to K). A routine computation shows that ipono vanishes 
on 0fcli Em and if o tti vanishes on 0^ 2 and on £®° (= G (r)). Thus 

{£+ ffi £+, o 7T ) ffi o Tn), T) = (G (r) ffi G (r), (<p o tt ) ffi 0, T) + (E ffi £, ffi {<p o Tn), T) 

= (G (r) © Go (r) , id © 0, t) + (Co (r) © c (r) , o © ^ , t) 



= id-^(er Wi ), 



»=1 



7 Examples and remarks 
7.1 When G is compact 

When G is compact, its dual group T becomes discrete. In this case, for any wGf" the crossed product 



O n xi Q ^G becomes a graph algebra of some skew product graph which is row- finite (see [KP]) and a part 



of our results here has been already proved in |BPRS|. There are many graph algebras which are not 



isomorphic to n x Q wG, and it should be interesting to determine the ideal structures of such algebras. 
Our technique here may help it. We may consider our G*-algebras 0„x Q ^G as a continuous counterpart 
of graph algebras. It seems to be interesting to define and examine graph algebras of continuous graph. 

7.2 When G is discrete 

When G is discrete, its dual group T becomes compact. Let us choose w£P and fix it. Let us denote 
by SI a closed semigroup generated by uj\ , LO2 , • • • > w n . 

Proposition 7.1 When G is discrete, we have —uji € SI for z = 1,2,... , n. 

Proof. Let us take i £ {1, 2, . . . , n}. Since T is compact, a sequence {ku)i}'^L 1 has a subsequence {kiLUi}^ 
which converges to some element in T. For any I, we have (fcz+i — ki — l)cJi E SI because fc;+i > ki. Hence 
-u>i = lim i ^ 00 (fc ;+ i - ki - l)wi G SI. I 

The following are easy consequences of above proposition. 



Corollary 7.2 Any to G T n satisfies Condition 5.1 
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Corollary 7.3 The set Q becomes a closed subgroup ofT and the set of all uj-invariant subsets ofT is 
one-to-one correspondent to the set of all closed subset ofT/Q. 

By two corollaries above, the set of all ideals of O n >4 a ^G is one-to-one correspondence to the set of 
all closed subset of T/Q. In fact, we can examine the ideal structures of O n y\ a ^G directly and more 
structures of the crossed product. Let G' be a quotient of G by the closed subgroup 

{t £ G |< = id} = {t £ G \ (t = for i = 1,2,.. . ,n} = {t £ G \ (t 7) = for any 7 6 fi}. 

Then the dual group of G' is naturally isomorphic to Q. Since lo £ Q, , we can define an action a u : G' rv 



O n . The crossed product O n x a ^G' becomes simple by Theorem 4.8. The crossed product O n x a ^G 



becomes a continuous field over the space T/f2 whose fiber of any point is isomorphic to the simple 



C*-algebra OnXc^G" which is purely infinite (see [KK2 or [Ka|) 



7.3 When G = R 

When G is the real group R, its dual group T is also R. We define three types for elements of R™ . 

Definition 7.4 Let ui — (wi,u)2, ■ ■ ■ ,L0 n ) G R™- The element lo is said to be of type (+) if all the w^'s 
have the same sign, and to be of type (— ) if there exist i, j such that < < Wj. Otherwise, the element 
lo is said to be of type (0). 

Namely lo is of type (0) if and only if there exists i £ {1,2, . . . ,n} such that LOi = and all the other 
u>i's have the same sign. When ui is of type (+) or (— ), the set fl^y coincides with the closed group 
generated by u>i, u>2, . . . ,ui n for any i = 1, 2, . . . , n. An element u> £ M" is called aperiodic if the closed 



group generated by Wi, W2, • • • , w n is R. By Theorem 4.8, we have the following 



Proposition 7.5 For uj £ M", £/ie crossed product O n x a "R «s simple if and only if lo is aperiodic and 
of type (+) or {-). 

When lo is of type (+) or (— ) and not aperiodic, the crossed product 0„xi Q ^lR is isomorphic to a 
mapping torus whose fiber is the simple C*-algebra 0„M a „/T where lo 1 = {io\/K,W2/K, . . . ,oj n /K) £ Z n 
and K is the (positive) generator of the closed group generated by u)\, u>2, ■ ■ ■ ,w„. which is isomorphic 
to Z. Hence in this case, Prim(0„ x Q ^R) = T and the set of ideals of O n ~xi a u,M. corresponds to the set 
of closed sets of T. The case that lo is of type (0) is more complicated. When lo is of type (0), the set 
ft = {lo^ j /i £ W„} is closed and a closed set X c M is w-invariant if and only if X + C X. We can 



prove the proposition below in a similar way to the proof of Proposition 5.33 



Proposition 7.6 Let lo £ R™ be of type (0) and X be an Lo-invariant set. Set X' = {J U ^ Q {X + uii). 
Any closed set Xi with X' C Xi £X is to -invariant, and Ix 1 /Ix — K (g> C{X \ Xi) ® Ok where k is the 
number of i with LOi = and 0\ = C(T). 



One can easily see that an element lo £ R n does not satisfy Condition |5.l| if and only if lo is of type 
(0) and the number of i with LOi = is 1. 

Remark 7.7 When lo is of type (+), the crossed product O n xi Q ^R becomes stable and projectionless 



[KK1]. In the forthcoming paper |Ka|, we will show that n x Q ^R is AF-embeddable in this case. More 



generally, we will give one sufficient condition for crossed product O n x a ^ G becomes AF-embeddable in 



[ Ka . As a consequence of it, we will show that O n x a ^ G is either AF-embeddable or purely infinite when 
it is simple. 
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